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Abstract 

Pseudo MV-algebras are a non-commutative generalization of MV-algebras. The main purpose 
of the paper is to introduce and investigate orthocomplete pseudo MV-algebras. We use the concepts 
of projectable pseudo A/V-algebras and large pseudo MV-subalgebras to introduce orthocomplete 
pseudo MV-algebras. Then we apply a generalization of the Mundici’s functor to an orthocompletion 
of an representable t-group to prove that each representable pseudo AfV-algebra has an orthocom¬ 
pletion. In particular, our results are valid also for MV-algebras. 
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1 Introduction 

In [3], Bernau introduced the concept of the orthocompletion of a lattice-ordered group (= an A group) 
and proved that each representable Agroup has a unique orthocompletion. The definition was clarified in 
[5] , where a simpler construction of the orthocompletion was given. It was shown that this construction 
is essentially a direct limit of cardinal products of quotients by polars. Ball [2i has generalized these 
notions to the non-representable case. Another construction for the orthocompletion of Agroups can be 
found in [4|. 

MV-algebras were defined by Chang, [5], as an algebraic counterpart of many-valued reasoning. The 
principal result of theory of MV-algebras is a representation theorem by Mundici m saying that there 
is a categorical equivalence between the category of MV-algebras and the category of unital Abelian In¬ 
groups. Today theory of MV-algebras is very deep and has many interesting connections with other parts 
of mathematics with many important applications to different areas. For more details on MV-algebras, 
we recommend the monograph [7]. 

In the last period, there appeared also two non-commutative generalizations of MV-algebras, called 
pseudo MV-algebras by EH, or equivalently, GM V-algebras by [2D]. They can be represented as an inter¬ 
val in unital Agroups (not necessarily Abelian) as it follows from the fundamental result of Dvurecenskij 
m which generalizes the Mundici representation theorem of MV-algebras. 

* Corresponding author 
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Non-commutative operations, for example multiplication of matrices, are well known both in mathe¬ 
matics and physics and their applications. In particular, the class of square matrices of the form 


A(a, b) 


a b \ 

0 l) 


for a > 0, b £ (— 00 , 00 ) with usual multiplication of matrices is a non-commutative linearly ordered group 
with the neutral element >1(1, 0) and with the positive cone consisting of matrices A(a, b) with a > 1 or 
a = 1 and b > 0. It gives an example of a pseudo MV-algebra. We note that A(a, b) is an extension of 
real numbers: If b = 0, then A(a,0) is a positive real number and if b ^ 0, then A(a,b) denotes some 
kind of a generalized number (non-standard number) such that A(a, b) is infinitely close to A(a, 0) but 
bigger than A(a, 0), and similarly if b < 0, then A{a, b) is also infinitely closed to A{a, 0) but smaller than 
A(a, 0), [T r )l . 

Pseudo MV- algebras generalize MV-algebras, and in contrast to MV-algebras, not every pseudo 
MV-algebra is a subdirect product of linearly ordered pseudo MV-algebras. Pseudo MV-algebras are 
an algebraic counterpart of non-commutative reasoning. Representable pseudo MV-algebras are those 
that are a subdirect product of linearly ordered pseudo MV-algebras. In it was shown that the class 
of representable pseudo MV-algebras is a variety. Since a pseudo MV-algebra is linearly ordered iff its 
representing unital f-group is linearly ordered, every representable pseudo MV-algebra is in a one-to-one 
correspondence with representable unital ^-groups. 

In [15] . Jakubik defined projectable MV-algebras, retracts and retract mappings and investigate the 
relation between retract mappings of a projectable MV-algebra and retract mappings of its corresponding 
lattice ordered group. In nzi. he studied a direct product decomposition of pseudo MV-algebras. 

Recently, Ledda et al. [18] . considered the projectability property as a lattice-theoretic property for 
more general classes of algebras of logic. For a class of integral residuated lattices that includes Hey ting 
algebras and representable residuated lattices, they proved that an algebra of such a class is projectable 
iff the order dual of each subinterval [a, 1] is a Stone lattice. In particular, they showed that a pseudo 
MV-algebra is projectable iff its bounded lattice reduct can be endowed with a Godel implication. 

In our contribution, we continue in this research studying projectable pseudo MV-algebra. Our aim is 
to describe the orthocompletion of representable pseudo MV-algebras in an analogy with orthocompletion 
of ^-groups. 

In the present paper, we introduce summand-ideals of pseudo MV-algebras in order to study ortho- 
complete pseudo MV-algebras. We present a relation between an essential extension and an orthocom¬ 
pletion of a representable pseudo MV-algebra A and its representation unital Vgroup ( Ga,ua )■ We 
show that if A is a large subalgebra of a pseudo MV-algebra B 1 then the intersection of all projectable 
pseudo MV-subalgebras of B containing A is a projectable pseudo MV-algebra. Then we use the ortho¬ 
completion of representable unital ^-groups for representable pseudo MV-algebras in order to show that 
any representable pseudo MV-algebras have an orthocompletion. Finally, we give some results and use 
the orthocompletion of a representable pseudo MV-algebra A to obtain a minimal strongly projectable 
essential extension for the pseudo MV-algebra A, which is the intersection of all projectable pseudo 
MV-subalgebra of 0{A) (the orthocompletion of A) containing A. 


2 Preliminaries 

In the section, we gather some basic notions relevant to MV-algebras and ^-groups which will be needed 
in the next section. For more details, we recommend to consult papers mm for theory of ^-groups and 
mm for MV-algebras and pseudo MV-algebras. 

Definition 2.1. |T, A group (G; +, 0) is said to be partially ordered if it is equipped with a partial order 
relation < which is compatible with +, that is, a < b implies that x + a + y<x + b + y for all x,y G G. 
An element x € G is called positive if 0 < x. The partially ordered group (G;+,0) is called a lattice 
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ordered group or simply an A group if G with its partially order relation is a lattice. Any lattice ordered 
group satisfies the following properties (see [TJ TUI) : 

(A) x + (y V z) = [x + y) V (x + z) and x + (y A z) = (x + y) A [x + z); 

(Ai) ~(x V y) = —x V —y and —{x Ay) = —x A —y\ 

(Aii) for positive elements x, y and z, x A (y + z) < (x A y) + (x A z). 

Let (G;+,0) be an Agroup. A normal convex Asubgroup of G is called an l-ideal. For each g £ G, 
the absolute value \g\ of g is g + + g~ , where g + = g V 0 and g~ = — g V 0. The absolute value satisfies a 
weakened triangle inequality: 

(WTI) \x + y\ < \x\ + \y\ + |a;|. 

We call a convex f-subgroup C of G satisfying the condition C ±± = C a polar subgroup of G and we 
denote the collection of such by p{G), where C' _L<3 or simply C J - is a unique maximal convex ^-subgroup 
for which C D C ± = {0}. It is clear that p(G) is a Boolean algebra (see [TQ. 

We remind that an £-group G is representable if it is a subdirect product of linearly ordered groups. 
Representable ^-groups form a variety. 

If an Agroup (G; +, 0) is an Asubgroup of an Agroup (H; +, 0), we write G < H. 

An element u of an Agroup (G; +, 0) is called a strong unit (or an order unit) if, for each x € G, there 
exists n £ N such that x < nu. A unital Agroup is a couple ( G,u ), where G is an Agroup with a fixed 
strong unit u. 

According to Ei. a pseudo MV-algebra is an algebra (A/; ©, , 0,1) of type (2,1,1, 0,0) such that 

the following axioms hold for all x, y, z £ M with an additional binary operation © defined via 

y Ox = (x~ © y~)~ 


(Al) x © (y © z) = {x © y) © z\ 

(A2) x©0 = 0©a; = x; 

(A3) x©l = l©x = l; 

(A4) 1~ = 0; I” = 0; 

(A5) (x~ ®y~)~ = (x~ ©?T) _ ; 

(A6) x © (x~ © y) = y © (y~ © a;) = (x © y~) © y = {y © x~ ) © a;0 
(A7) x © (x~ © y) = (x © y~) © y; 

(A8) (£ - )~ = x. 

For example, if u is a strong unit of a (not necessarily Abelian) Agroup G, 

F(G, u) := [0,u] 


and 


x © y 

:= (x + y)Au, 

x~ 

:= u — x, 

x~ 

:= — x + it, 

xOy 

:= {x — u + y)y 0, 


^■0 has a higher priority than ©. 
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then (r(G,u);© - , 0, it) is a pseudo MV-algebra jTi] . 

(A6) defines the join x V y and (A7) does the meet x Ay. In addition, M with respect to V and A is 
a distributive lattice, [14]. 

A pseudo Mid-algebra is an MV-algebra iff x(By = y(Bx for all x, y G M. We note that if x~ = x~ for 
each x G M, M is said to be symmetric. We note that a symmetric pseudo MV-algebra is not necessarily 
an MV-algebra. 

In addition, let x G M. For any integer n > 0, we set 

0.x = 0, 1.x = 1, n.x = (n — l).x © x, n> 2, 

and 

x° = 1, x 1 = 1, x n = x" _1 © x, n> 2. 

An element a G M is called a Boolean element if a © a = a, or equivalently, a © a = a; we denote 
by B{M) the set of Boolean elements of M; it is a Boolean algebra that is a subalgebra of M. The 
following conditions are equivalent: (i) an element a G M is a Boolean element, (ii) a A a~ =0, (iii) 
oA«' v = 0, pa Prop. 4.2]. In addition, if a G B{M ), then a~ = a~ and therefore, we put a' := a ~, and 
a©x = aVx = x©afor each x G M, see [H Prop. 4.3], 

A non-empty subset I of a pseudo MV-algebra M is called an ideal of M if / is a down set which 
is closed under ©. An ideal I of M is said to be (i) prime if x A y £ I implies x G / or y G /, and (ii) 
normal if x © I = I © x for any x G M, where x © I := {x © i \ i G 1} and I © x = {i © x | i G I}. 
Two equivalent conditions, [14] Thm 2.17], to be an ideal I prime are: (i) x © y~ G I or y © x~ for all 
x, y G A/, (ii) x © G I or y O x~ for all x, y G M. 

If X is a subset of a pseudo MV-algebra M, we denote (i) by (X)„ the normal ideal of M generated 
by X, and (ii) a polar of X, i.e. the set X ±M := {y G M | x A y = 0, Vx G X}, or simply we put 
X 1 - := X J - M . If X = {a}, we put a 1 - := {a}- 1 . 

An ideal I of M is called a polar ideal if I 1 " 1 " = I. It can be easily seen that a subset I of M is 
a polar ideal if and only if I = {a G M | a A x = 0, Vx G X} for some subset X of M. The set of polar 
ideals of M is denoted by p(M). 

There is a one-to-one relationship between congruences and normal ideals of a pseudo AfV-algebra, 

Cor. 3.10]: If I is a normal ideal of a pseudo MV-algebra, then x y iff x©y _ , yQx~ G / is a congruence, 
and M/I is a pseudo MV-algebra. Conversely, if ~ is a congruence on M, then L = {x G M | x ~ 0} 
is a normal ideal such that 

A pseudo MV-algebra M is representable if M is a subdirect product of a system of linearly ordered 
pseudo MV-algebras. By El Thm 6.8], the class of representable pseudo MV-algebras is a variety, and 
by pT] Prop. 6.9], M is representable iff is a normal ideal of M for each a G M. 

If a pseudo MV-algebra (M ; ©,“ ,~ , 0,1) is a subalgebra of a pseudo MV-subalgebra (X; ©,“ ,~ , 0,1), 
we write M < N. 

It is well known that according to Mundici, nsi> there is a close connection between unital Abelian In¬ 
groups (G, u) and MV-algebras. An analogous result holds for pseudo MV-algebras which was established 
by Dvurecenskij in m- It says that, for each pseudo MV-algebra, there is unique (up to isomorphism) 
unital Agroup (G,u) such that M = P(G,m). Moreover, there is a categorical equivalence between the 
category of unital Ggroups and the category of pseudo MV-algebras: Let UQ be the class of unital Cgroups 
whose objects are unital A groups (G, u) and morphisms between objects are Agroup homomorphisms 
preserving fixed strong units. We denote by VMV the class of pseudo MV-algebras whose objects are 
pseudo MV-algebras and morphisms are homomorphisms of pseudo MV-algebras. Then UQ and VXIV 
are categories. The generalized Mundici’s functor T : UQ VX4V is defined as follows 

P(G, u) = (r(G, it); ©, _ , 0, u) 

and if h : (G, u ) —» ( H , v) is a morphism, then 


r(^) — h\ [o,u] • 
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It is important to note that VMV is a variety whereas UQ not because it is not closed under infinite 
products. 

Moreover, there is another functor from the category of pseudo MU-algebras to UQ sending a pseudo 
MV- algebra M to a unital Ugroup (G,u) such that M = T(G,u) which is denoted by 3 : VMV — > UQ. 
For more details relevant to these functors, please see ISl- 

Theorem 2.2. 13j The composite functors Ts and 5r are naturally equivalent to the identity functors 
of VMV andUQ, respectively. Therefore, UQ and VMV are categorically equivalent. 

In addition, if h : T(G,u) —>■ T(G',u') is a morphism of pseudo MV-algebras, then there is a unique 
homomorphism of unital (-groups f : (G,u) —> ( G',u') such that h = T(f), and 

(i) if h is surjective, so is f; 

(ii) if h is injective, so is f. 

Therefore, a pseudo MV- algebra T(G, u) is representable iff an Ugroup G is representable. 

A relation between some ideals of pseudo MU-algebras and some convex subgroups of unital f-groups 
is as follows; its MU-variant was established in JBj: 

Theorem 2.3. HU Thm. 6.1] Let ( G,u) be a unital (-group. The map $ : J i—> {x £ G | |ac| A u £ J} 
defines an isomorphism from the poset of normal ideals ofT(G,u) onto the poset of (.-ideals of G. The 
inverse isomorphism is given by the map : H i-> H n [0, it]. Furthermore, let Spec{G) be the set of all 
proper prime (.-ideals ofG and Spec(T(G , u)) be the set of prime ideals ofT(G , u). Then ( Spec(T(G , u)), C 
) = ( Spec(G,u ), C). Moreover, the maps <f> and ^ define a one-to-one relations between ideals ofT(G,u) 
and convex subgroups of G. 


3 Summand-Ideals of Pseudo MF-algebras 

In the section we present summand-ideals and we show their close connection with polars. 

From now on, unless otherwise stated, we will assume that (M; ©, _ ,~ , 0,1) or simply M is a pseudo 

MV -algebra and for each subsets X and Y of M, X © Y = {x © y \ (x, y) £ X x Y}. We start with the 

following useful two lemmas. 

Lemma 3.1. Let A and B be normal ideals of a pseudo MV-algebra M. Then 

(A U B) n = {x £ AI \ x < a@b for some a £ A, b £ B} 

= {x £ M | x = a © b for some a £ A, b £ B} 

= A(B B. 

Proof. If we set I = {x £ M \ x < a © b for some a £ A, b £ B}, then I contains A and B. It is clear 
that it is a down set. Let x,y £ I, then x < a± © b\ and y < 02 © 62 for some ai, 02 £ A and 61 , &2 €E B. 
Then x © y < ai © b\ © a 2 © ^2 = <21 ® © b[ © 62 , where b[ £ B. Hence, I is an ideal. Using the Riesz 

decomposition property, H3 Thm. 2.6], we have that if x £ I and x < a © b, then there are a\ < a and 
b\ < b such that x = a\ © b\. Hence, I = {x£M\x = a®biov some a £ A, b £ B}, in addition, 
I = {a; £ AI | x = b © a for some a £ A, b £ B} which is true in view of normality of A and B. Take 
z £ AI and x = a®b £ I. Then 0 © x = z © (a © b) = a' © b' © z for some a' £ A and b' £ B, and similarly 
we have a © b © z = z © a" © b" which proves that I is a normal ideal of AI generated by A U B. □ 

Lemma 3.2. If a is a Boolean element of a pseudo MV-algebra M, then f a is a normal ideal of AI. 

Proof. Let a be a Boolean element of AI. Then evidently 4- a is an ideal of M. Let x £ M and b ej. a. 
Then x © b = (x © b) © x~ © x. Since b < a, we have (x © b) © x~ < {x © a) © x~ = {x V a) — x = 
(x — x) V (a — x) < 0 V a = a, where — is the group subtraction taken from the corresponding unital 
Agroup. In a similar way we can prove the second property of normality of 4- a. □ 
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Definition 3.3. A normal ideal I of a pseudo Mid-algebra M is called a summand-ideal if there exists 
a normal ideal J of M such that (I U J) n = M and I n J = {0}. In this case, we write M = I ES J. The 
set of all summand-ideals of M is denoted by 6 um(M). Evidently, {0},M G 6 um(M). 

In the next proposition, we will gather some properties of summand-ideals of an MF-algebra. 

Proposition 3.4. Let A be a normal ideal of a pseudo MV-algebra (M; ©,“ ,~ , 0,1). 

(i) If A is a summand-ideal of M such that M = A EB B for some ideal B of M, then M = A © B and 
B = A ± . 

(ii) A £ Sum(M) if and only if M = A © A x . 

(iii) If A is a summand-ideal of M, then I = (A n I) © (/ fl A x ) for each normal ideal I of M. 

(iv) If A £ 6 um(M), then A = A xx . That is, ©um(M) C p(M). 

(v) If A,B £ Sum(M), then An B € Sum(M). 

(vi) For each x £ M, there exist unique elements a £ A and b G A x such that x = a (B b. 

(vii) If A is a summand-ideal of M, then there is a unique element a G A n B(AI) such that A =4, a. 

Proof, (i) Let A be a summand-ideal of M such that M = A ES B for some normal ideal B of M. Then 
A n B = {0} and M = (A U B) n . If b G B, then b A a G A fl B for all a G A, so b G A x . Thus B C A x . 
Moreover, if x G A x , then by Lemma T3. 11 there exist a £ A and b £ B such that x = a © b. Since A and 
B are ideals of M, then a\ £ A and b\£B,sox£A®B and 


0 = x A ai = (ai © &i) Aai > ai Aai = ai. 

It follows that x = bi £ B. Therefore, B = A ± . 

(ii) Let A £ 6 um(M). Then there exists a normal ideal B of M such that M = A ES B and so by (i), 
M = A EH A x . The proof of the converse is clear. 

(iii) Let A be a summand-ideal of AI and I be a normal ideal of M. If x £ /, then by (ii), x = a © b, 
for some a £ A and b £ A x . Since b,a < x £ I, then a, b £ /, so a G I H A and b £ I H A x . It follows 
that x £ (A fl I) © (/ fl A x ). Therefore, I = (A fl I) © (/ fl A x ). 

(iv) Let A G 6 um(M). Then by (i), M = A © A x and hence A x G Sum(M). Similarly, (i) implies 
that A = A xx . 

(v) Let A,B £ Sum(M). By (iii), B = (A n B) © (A x n B) and B x = (An B- 1 ) © (A x n B^~). It 

follows from (i) that M = B © = (A fl B) © (A x PI B) © (A fl A? x ) © (A x n B x ) = (A fl B) © ^(A x fl 

B)ffi(An B x ) © (A x n B x )). 

(1) Since (A x n B ), (A fl B x ) and (A x n B x ) are ideals of M, (A x n5)ffi(An A? x ) © (A x n B^~) is 
an ideal of M. 

(2) We claim (A D B) n ^(A x n B) © (A fl _B X ) © (A x n -B x )^ = {0}. Indeed, put x £ (A fl B) n 
^(A x fl B) © (A fl i? x ) © (A x fl I? x )^ . Similarly to the proof of part (i), we can see that x = u © v © w 

for some u £ A x , v £ i? x and w £ B x fl A x . So, u, v, w £ A fl B (since u,v,w < x £ An B). It follows 

that u = v = w = 0 and hence x = 0. 

From (1) and (2) it follows that An B £ 6 um(M). 

(vi) Let x £ M. By (i), there are a £ A and b £ A x such that x = a © b. Let x = u © v for some 

u £ A and v £ A x . Then a © b = u © v and so u = u A (a © b). By [TU Prop. 1.17], it follows that 

u < {u A a) © [u A b) = u A a, hence u < a. A similar argument shows that a < u, that is a = u. In a 

similar way, we can show that b = v. 
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(vii) Let A be a summand-ideal of M. By (i) and (vi), there are unique elements a £ A and b £ A 1 - 
such that 1 = a®b. For each y € A, we have y = y Al = yA(a®b) < ( yAa)®(yAb ) = (yAa)©0 = (yAa), 
hence y = y A a and so y < a which entails A =4 a. Since a < a ® a £ A, a® a < a, we get a = a © a. 
That is a £ A n B(M). If a\ £ An B(M) has the property A =4 m, then a = a±. □ 

Note that from Proposition 13.4! viil it follows that any summand-ideal A is a Stonean ideal of M, i.e. 
A =4- a for some Boolean element a £ An B(M). 

Corollary 3.5. Let (M;©, _ ,~ ,0,1) be a pseudo MV-algebra. Then 

(i) A non-empty subset A of M is a summand-ideal of M if and only if A = 4 , a for some Boolean 
element a £ M. In such a case, there is a unique a £ An B{M) such that A =4 a and A 1 - =4 a'. 

(ii) If A,B £ Sum (M), then A\J B := (AUB)„ £ ©um(M), and ©um (M) is a Boolean algebra that is 
isomorphic to B(M). 

Proof, (i) Let A be a summand-ideal of M. Then M = ASIA- 1 -. By Proposition [XU vi), there are unique 
elements a £ A and b £ A 1 - such that 1 = a © b and by the proof of Proposition 13. 4l viih a £ B(M) fl A 
and A =4 a (similarly, since A 1 - is also a summand-ideal, then A 1 - =4 b). By [XT] Prop. 1.17(1)], 
a' = a' A 1 = a' A (a © b) < (a' A a) © ( a' A b) = (a 7 © a) © (a' A b) = a' A b, hence a! = a! A b , that is 
a' < b. It follows that a 1 £ A 1 -. Now, Proposition 13.41 vi) and 1 = a © a' imply that b = a'. Therefore, 
A 1 - =4 a ' ■ The uniqueness of a follows from (vii) of Proposition [374] 

Conversely, let A =4 a for some Boolean element a. By Lemma 13.21 A is a normal ideal of M. 
Then clearly, 4 a' is an ideal of M (since a' is a Boolean element), An 4 a' =4 ofl 4 a ' = {0} and 
(AU 4 a ')n = M and hence, M = AEEI 4 o'. Therefore, A is a summand-ideal of M and by Proposition 
Em A 1 - =4 a ' ■ In a similar way, if A 1 - =4 a' for some Boolean element a £ M, we can show that 
A =4 a is a summand-ideal of M. 

(ii) Let A, B £ 6 um(M). By (i), there are unique Boolean elements a £ A, b £ B such that A =4 a 
and B =4 b. Then a®b is a Boolean element and a®b £ (AL)B) n . Then (AL)B) n =4 (a© 6 ) which by (i) 
says that A V B is a summand-ideal of M. In a similar way, we can show that AaB := AnB =4 (a© 6 ). 
In addition, (4V5 ) 1 = A 1 - A B 1 - and (A AB ) 1 = A 1 - V B^, ©um(M) is distributive with respect to V 
and A. Therefore, by (iv) and (v) of Proposition 13.41 ©um(M) is a Boolean algebra. 

Finally, the mapping a M-4 a, a £ B(M), describes an isomorphism of the Boolean algebras B(M ) 
and 6 um(M). □ 

Definition 3.6. A pseudo MV -algebra (M;©, - ,~ ,0,1) is called (i) projectable if a L £ ©um(M) for all 
a £ M, and (ii) strongly projectable if p(M) C ©um(M). 

As a corollary of El Prop. 6.9], we have that every projectable pseudo MV -algebra is representable. 

Corollary 3.7. Each strongly projectable pseudo MV-algebra is a pseudocomplemented lattice. 

Proof. Let (M;©, - ,~ ,0,1) be a strongly projectable pseudo MF-algebra and a £ M. Then as 1 - is a 
polar ideal of M and so a ^ is a summand-ideal. By Proposition 13. 4l viiL a 1 - =4 b for some b £ B(M). 
Clearly, b is a pseudocomplement of a, i.e. a:Aa = 0iffa;<6. □ 

We note that according to m Thm 4.2], every er-complete pseudo MF-algebra is an MF-algebra. 
The same is true if M is a complete pseudo MV- algebra. 

Proposition 3.8. J/(M; ffi, - ,~ ,0,1) is a a-complete MV-algebra, then for each a £ M, M = a 1 -©a 1 - 1 -. 

Proof. Let (M;ffi/,0) be a a-complete MV -algebra and a £ M. Since a £ a^ 1 - and a ±J - is an ideal 
of M, then n.a £ a 1-1 - for all n £ N. Let y := \/{n.a \ n £ N}. From [14] Prop. 1.18], it can be 
easily obtained that y £ a 1 - 1 -. Also, by pT4j Prop. 1 . 21 ], y © y = y © (V„ eN n - a ) = V„ eN ( 2 / © n - a ) = 
V„ eN V meN ( m -« © n - a ) = V neN _ {1} n.a = V neN n.a = y, so y £ B(M). We claim that a 1 - =4 y' (clearly, 
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y' G B(M)). If x G a- 1 , then x A n.a = 0 for all n G N (since n.a G a -1 " 1 -) and so [HI Prop. 1.18], 
x A y = Vne n! 2 - ^ n - a ) = 0- It follows that x = x A (y V y') = x Ay'. That is, x < y'. Now, let z Gj, y'. 
Then z < y' and hence zAy<y'Ay = 0. It follows that z A a = 0 (since a < y). Thus z € a^. By 
Corollarv l3.5l iil. a 1 - G ©um(M). Therefore, M = a ± S a,- 1 - 1 . □ 

Remark 3.9. From Proposition 13.81 we know that every er-complete pseudo MV- algebra is projectable. 
Now, assume that (M; ©, — ,~ , 0,1) is a complete pseudo MP-algebra. Then M is a complete MV - 
algebra. By |12] Prop 5.8], any polar ideal of a complete MV- algebra is closed under arbitrary join and 
so it is a principal ideal. Hence, by Proposition 13.81 it is a summand ideal of M. That is, any complete 
MV-algebra is strongly projectable. 

4 Orthocompletion of pseudo MF-algebras 

In the present section, we establish main results of the paper. They will be deal mainly with representable 
pseudo MF-algebras. Since every MV- algebra is a subdirect product of linearly ordered MV-algebras, 
the results are valid also for MP-algebras. In such a case, the representing unital f-group for an MV- 
algebra is of course Abelian. 

We recall that two elements x and y of a pseudo MV- algebra M are disjoint if x A y = 0. 
Definition 4.1. A pseudo MV- algebra (M; ©, _ , 0,1) is called ortliocomplete if 

(i) M is strongly projectable; 

(ii) each set of pairwise disjoint non-zero elements of M has the least upper bound. 

A non-empty subset X of non-zero mutually orthogonal elements of a pseudo MF-algebra M is said 
to be disjoint. 

Definition 4.2. Let (Mi; ffi, - ,~ , 0,1) be a subalgebra of a pseudo MP-algebra (M 2 ; ffi, - , 0,1). Then 
Mi is called a large subalgebra of M 2 (or M 2 is called an essential extension of Mi) if, for each y G M 2 — {0}, 
there are n G N and x G Mi — {0} such that x < n.y. 

Example 4.3. Consider the Abelian t-groups (Z;+, 0) and (Q;+,0). Then Mi := P(Z, 10) is an MV- 
subalgebra of M 2 := P(Q, 10). It can be easily seen that for each y G M 2 — {0}, there are n G N and 
x G Mi — {0} such that x < ny. Therefore, M 2 is an essential extension for Mi. 

There is an interesting relation between a pseudo AfW-algebra and its essential extensions. In the 
next proposition we establish this relation. First, we recall the following remark on pseudo MV-algebras. 

Remark 4.4. Let (M; ©, _ , 0,1) be a pseudo MV-algebra. We define two “relative negations” ©_ 

and 0~ as follows 


x 0_ y := x Qy , and y 0~ x := y~ 0 x for x, y G M. 

Then, for all a, b, c G M, we have 

(i) a 0_ (6 © c) = (a 0_ b ) 0_ c and (a © b ) ©~ c = b ©~ (a ©~ c) (use [H Prop 1.7]). 

(ii) a ©_ b= a~ 0 ~ b~ and b 0 ~ a = b~ 0 _ a~. 

Proposition 4.5. Let a pseudo MV-algebra (M 2 ;ffi, _ ,~,0,1) be an essential extension for a pseudo 
MV-algebra (Mi; ©,“ ,~ ,0,1). If S C Mi and u is the least upper bound for S in Mi, then u is the least 
upper bound for S in M 2 , too. 


Proof. Let S C Mi be given and let u £ Mi be the least upper bound for S in Mi. If S is finite, the 
statement is evident. Thus let S be infinite. Suppose that there exists an upper bound v £ M 2 for S, 
and without loss of generality, let us assume that 0 < v < u (note that, for u = 0 , the proof is clear). 
Then 0 < u 0 _ v £ M 2 , by the assumption, there are n £ N and x £ Mi such that 0 < x < n.(u 0 _ v) 
and so x ©_ n.(u 0 _ v) = 0. For each s £ S, s < v implies that u 0 _ v < u ©_ s, whence for every finite 
sequence Si, s 2 , • • •, s n of elements of S , we get n.(uQ- v ) < (« 0 _ si) 0 • ■ ■©(«©_ s n ) := ©" = i( w ©- s i)- 
Hence 0 = x ©_ n.(u 0 _ v) > x ©_ ©Hi (u 0 _ Si), that is 

n 

xe - ®( M0 - s *) = 0- (4.i) 

i=l 

From Remark ITT1 (41. it follows that (x 0_ ®" =2 (zz 0_ Si)) 0_ (u 0_ si) = 0, thus 

n 

x ©_ ©- Si) < U ©_ Si = © sj - 

2=2 

n 

=> u~ ® (x ©_ ©- Si )) < © ( , u _ ~ 0 S ) 

2=2 

n 

=> u~ 0 (x 0_ © (u ©_ 5^)) < s ± V u = , since Si < w 

2=2 

n ^ 

=> 0-0(«0-Sj))j > Si. 

i=2 


Since Si is an arbitrary element of S , then (yT © (a; ©_ ©" =2 (zz 0- Sj))J is an upper bound for 
S which clearly belongs to Mi. So, by the assumption, u < (u~ © (x 0 _ ®' l =2 (zt ©- s 0)) • Also, 

u~ > u~ © ( x ©_ ®" =2 (zz 0- Si)) > zz _ implies that u = (u~ © (x 0 _ ®™ =2 (u 0 - Si))^j and u~ = 
u~ © ( x ©_ ®" =2 (w 0- Si)). Hence, 


0 = uQu = u@ (u ©(a; ©_ ^^(zz 0_ Si)) ^ = (x 0_ ^^(zz 0- s^ A u. 

2=2 2=2 

Since x < n.(u 0_ v) < ®” =1 (zz ©_ s»), then by Remark IQT ib 0 = x 0_ (®" =1 (zz 0_ Si)) = (x ©_ 
(©«(« ©_ Si))) 0_ (zt 0_ si) and so x 0_ ®"_ 2 (u 0_ s*) < zz ©_ Si < zz. It follows that 0 = 
(x 0_ ©?= _ 2 (u 0_ Si)) A u = x 0_ ©?= _ 2 (zz©_ Si). Now, we return to dm repeating this process, it 
can be easily shown that x = 0, which is a contradiction. Therefore, zz is the least upper bound for S in 
M 2 . ' □ 

Lemma 4.6. Let (M 2 ; ©, _ ,~ , 0,1) and (Mi; ©, _ ,~ , 0,1) be strongly projectable pseudo MV-algebras 
such that All is a subalgebra o/M 2 . Then, for each ideal I £ p(M\), there is a unique Boolean element 
b £ Mi such that I b and (I i «i ) 1 «2 =Im 2 b- 

Proof. Let I be a polar ideal of Mi; then I is normal. By Proposition 13.41 vi) and Corollarv l3.5l iiL there 
is b € Mi such that b © b = b, I =i Ml b, I ±M 1 =\. Ml b', and bob' = 1 is the only decomposition of 1 in 
Mi = I EB I ±M i. Clearly, (J 1m i ) 1m 2 £ p(M 2 ) and b £ / C (/ 1 m i ) 1m 2 (since / is a polar ideal of Mi), 
so by Proposition 13. 4l vih there are unique elements u £ (J 1 m i ) 1m 2 and v £ ((I ±m i)- Lm 2 'j - Lm 2 such that 
b' = u © v. Since u £ (I ±M 1 ) ±M 2 , and b 1 £ I ±M 1 then u A 6 ' = 0 and so zt = 0 (since b' = u © v implies 
that u < b'). That is, b' = v £ ((/ 1 m i)^)^ and hence by bob' = 1 and Proposition 13.41 vi). 1 vii) and 
Corollarv l3.5l 4 - M2 6 = (/ 1 m i ) 1m 2 and b' = ((/-*-"! )- Lm 2 )- Lm 2 . □ 
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Similarly to the proof of JTJ Thm. 8.1.1], we can show the following lemma. In fact, the proof of [I] 
Thm. 8.1.1] works also for pseudo MH-algebras. 

Lemma 4.7. If (M 2 ; ©,“ ,~ , 0,1) is an essential extension for a pseudo MV-algebra , 0,1), 

then p(Mi) and p(M 2 ) are lattice isomorphic under the map <f> : p(M 2 ) -4 p{M{) and HI : p(Mi) —» p(M 2 ) 
defined by $(/) = I D M\ and H'(J) = ( J ±M i ) J ~ M 2 . 

Corollary 4.8. Let (M 2 ; ffi, - ,~ , 0,1) and (Mi; ffi, - , 0,1) be strongly projectable pseudo MV-algebras 
such that All is a large subalgebra of M 2 . 

(i) For each polar ideal I of M 2 , there is a unique Boolean element a £ Mi (~l I such that I =4 ,m 2 a - 

(ii) Let I £ p(Mi). Then there is a £ B{M\) such that I =j, Mi a if and only if (I ±M 1 ) J ~ M 2 ={ M2 a. 

Proof, (i) Let J be a polar ideal of M 2 . By Lemma 14.71 J = ((J fl Mi) ±Ml ) ±M 2 and J n Mi is a polar 
ideal of Mi. By Lemma 11.61 there is a unique element a £ R(M 2 ) such that J PI Mi =\. M a and 
(J nMi) iM i) iM ! =l M2 a. Therefore, J =| M2 a. 

(ii) By Lemma mi if I =\. Mi a, then Lm 2 =4-m 2 a • Conversely, if (I ±M i ) ±M 2 ={ M2 a , then by 

(i), a £ Mifl l M2 a and by Lemma T4.71 a = Mi© f M2 a = Mi H (J ±M i ) ±M 2 = J. □ 

Theorem 4.9. If (A; ffi, - ,~ , 0,1) is a large pseudo MV-subalgebra of a strongly projectable pseudo MV - 
algebra ( B\ ffi, - ,~ , 0, 1) and {Mj}j e j is the set of all strongly projectable pseudo MV-subalgebras of B 
containing A, then M := f] iGJ Ali is a strongly projectable pseudo MV-algebra containing A. 

Proof. Let I be a polar ideal of M. By Corollary 13.51 it suffices to show that there is a Boolean element 
a £ B such that I ={m a. By Lemma ITT! for each i £ J, (J 1 " ) ±M i is a polar ideal of M* and so by 
Corollary 14.8! iil. there is a unique Boolean element cq £ M, such that (((/- Lm ) ±M i ) ±M « j- 1 -- 5 =J, B cq and 
( 7 _Lm)X m< a ._ Also, (((/XM)XM i )XM i )X BnM = (((/XM)XM < )XM i )X BnM .nM = (I 1 ") 1 "©!!! = I 

and (I iM ) iB fl M = I and so by Lemma [4.71 (((I ±M ) ±M i = (/Xm^x b ( s j nce $ . pi^B) —> p(M) 

is one-to-one). It follows that <q = aj =: a £ M for all i,j £ J , that is there exists a unique Boolean 
element a £ M such that (I iM ) iM ' =f M . a. Hence, f| ieJ l M . a = f| ie j(I ±M ) ±Mi ■ Also 7 fli G j i M( a = 
{x £ B | x < a, x £ Mi, Mi £ J} =f M a and fl i^j( I±M ) ±Mi = D i & ji I±M ) ±Mi C M = I, so I a 
which proves that M is a strongly projectable pseudo MM-algebra. □ 

Remark 4.10. Similarly to the proof of Theorem 14.91 we can show that if (A;©, - ,~ ,0, 1) is a large 
subalgebra of a pseudo MH-algebra (M; ffi, - ,~ , 0, 1) and B and C are strongly projectable pseudo MV- 
subalgebra of M containing A, then BflCis also a strongly projectable pseudo MC-algebra. 

Definition 4.11. A minimal orthocomplete pseudo MH-algebra containing Al as a large pseudo AIV- 
subalgebra is called an orthocompletion for M. 

Remark 4.12. Let G be a representable Agroup. We recall that 0{G) is an orthocomplete £-group 
constructed by the following process (for more details, we refer to [T1151 flUjb Let i):G4 YIxcaGx 
be a subdirect embedding, where G\ is a totally ordered 7-group for all A £ A. Suppose that B{ A) = 
{Supp(I) | I £ p(G)}, where Supp(X) = (J {Supp{x) \ x £ X} and Supp(x) = {A £ A | x(A) 0} for 
each subset X of G and each x £ G. Let {/ a } aG n C G, D{G) be the set of all maximal pairwise disjoint 
subsets of B( A) and {-Falaefi £ D{G), we say that {/„, F a } a& q underlines an element x £ G if, for each 
a £ LI and each A £ F a , x(A) = f a ( A). Set L = {/ £ IIagA G\ \ there exists {g a , G a } a& q underlying / }. 
Then L is an 7-subgroup of IIagA G\ and the relation d, which is defined by (x, y) £ 6 if and only if there 
exists {f a , F a }a£T, underlines both x and y, is a congruence relation on the 7-group L, so L/6 (the set of 
all equivalence classes of L under 6) is an 7-group and 0{G ) := L/9. Let 7 r : L —> 0(G) be the natural 
projection map. Then Imfcj) C L and £ G := 7 r o (j> : G —> 0(G) is an injective 7-group homomorphism. 
In fact, O(G) is an orthocompletion for £ a (G) (note that £, a (G) = G). From now on, in this paper, we 
suppose G is an 7-subgroup of Q{G). 
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Theorem 4.13. Each representable pseudo MV-algebra has an orthocompletion. Moreover, any two 
such orthocompletions are isomorphic. 

Proof. Let (A; ffi, - , 0,1) be a representable pseudo MV-algebra. By Theorem 12.21 there exists a 
representable Ggroup (Ga; +, 0) with strong unit ua such that A = F(Ga, ua). Since Ga is representable 
(see 13] Cor. 4.1.2]), by [U Thm. 8.1.3] or |TD] Thm 48.2], it has a unique orthocompletion which is denoted 
by 0(Ga). Since ua is a strong unit of Ga and Ga < 0(Ga), then ua is a positive element of 0(Ga) 
and so B := F(0(Ga),wa) is a pseudo MV -algebra (see [7] Prop. 2.1.2]) and clearly, T{Ga,ua) is a 
pseudo MV-subalgebra of B. It follows that A is isomorphic to a pseudo MV-subalgebra of B. We claim 
that B is an orthocomplete pseudo MV-algebra. 

(1) We assert A is a large pseudo MV-subalgebra of B. First, using mathematical induction, we 
have if ai,..., a n G A, then (ai © • • • ® a n ) = (ai + • • • + a n ) A ua■ If n = 1, 2, the statements is clear. 
Using distributivity of the group addition + with respect to A in the Ggroup, we have (ai © a 2 ) © <23 = 
(((ai + a 2 ) A ua) + a 3 ) A ua = («i + a 2 + a 3 ) A (ua + a 3 ) A ua = (ai + a 2 + a 3 ) A ua- 

Put b G B. Since 0(Ga ) is an orthocompletion of Ga, 0 < b < ua and b G O(Ga), then there exist 
«eN and a strictly positive element x G Ga such that x < nb. From 0 < b, it follows xA ua < ( nb)AuA = 
n.b , hence x A ua & F(Ga, ua) and x A ua < n.b , and finally A is a large pseudo MV-subalgebra of B. 

(2) Let S' be a pairwise disjoint subset of B. Then clearly, S is a pairwise disjoint subset of 0(Ga), 
so by the assumption, \/ S G O(Ga). Since ua is an upper bound for S in O(Ga), V S G B. 

(3) Let I be a polar ideal of B. Then there exists a subset X of 5 such that / = X 1 - = {b G B \ 
b A x = 0, Va; G X}. Set / = {g G O(Ga) | |<?| A x = 0, Vx G X}. It is easy to show that I = I PI B and it 
is a polar Gsubgroup of O(Ga) and so there exists an Gsubgroup J of O(Ga) such that O(Ga) = I+ J. 
Let K = JC\B. By Theorem 12.31 K is a normal ideal of B. Clearly, KC\I = {0}. Let b G B. Then 0 < b 
and there exist 61 G / and b 2 G J such that b = 61 + b 2 . By pO, Prop. 1.1.3a] or (£3), we have b = \b\ = 
\bi + b 2 1 < |&i | + \b 2 \ + |6i|. Since in any G group, pQ Prop. 1.1.5], for all positive elements g, h, u, we have 
(g+h)Au < (gAu) + (hAu), we get b = bAuA < (|&i| + IM + I&i|) A u A < (|&i| Aua)©(IM AuA)®(\bi\AuA). 
Clearly, |&i| A ua G IHB = I and |b 2 | Aua G JnB = K so (|&i| Aua) © (\b 2 \ Aua) © (| 6 i| Aua) G (/ U J) n . 
Hence x G (I U J) n , whence B = I EB J. That is, / G ©um(H). 

From (1), (2) and (3) it follows that B is an orthocomplete pseudo MV-algebra. Now, we show that 
it is an orthocompletion for A. Let M be an orthocomplete pseudo MV-algebra such that F(Ga,ma) 
is a subalgebra of M and M is a subalgebra of F(0 (Ga),ma) = B. Put x G B. Then x = [ 6 ] for 
some b G L, where [ 6 ] is the congruence class of b in L , hence by the proof of [IQ] Thm 48.2, p. 313], 
there is {f a , Fa}ae n underlying b and Vaenl/a] exists and is equal to [b] (we recall that in the proof of 
the mentioned theorem, it was proved that {[/ Q ]} a en is a pairwise disjoint subset of positive elements 
of Ga that V Qe n if a] = [ & ] < «a- Hence {[f a }} ae n C T(G A ,u A )). Since T(G A ,u A ) C M and M is 
orthocomplete, [6] G M and so M = B. Therefore, B is an orthocompletion for F(Ga,ma)- Finally, we 
will show that if Bi is another orthocompletion for A, then B = B\. Let Bi be an orthocompletion for 
the pseudo MV-algebra A. Then there is an injective MV-homomorphism * : A —»• B\. We know that 
7 T o cj) : Ga —> 0(Ga) is an injective Ggroup homomorphism and it o <j> : F(Ga,ua) —> r (0(Ga),ua) is 
an injective pseudo MV-homomorphism (see the notations in Remark 14.121) . Let a : A —>• F(Ga,ua) 
be an isomorphism of pseudo MV-algebras. Then n o <p o a : A —> B is a one-to-one pseudo MV- 
homomorphism. Since B\ is orthocomplete, then by the above results, B\ = T(0(Gb 1 ),ub 1 ) (up to 
isomorphic image). From A = i(A) < B\ it follows that Ga = G^a) < Gb x and 0(G^a)) < 0(Gb 1 ), 
hence B = T(0(G A ),u A ) = r(0(G i( A)),u»(A)) < r (0(G Bl ),u Bl ) = B 1 . Moreover, r(0(G i( A)),«*(A)) is 
an orthocompletion for i(A). By summing up the above results, we get that i(A) < T(0(Gi^A)), u i(A)) < 
Bi. Since Bi is an orthocompletion of i(A), T(0(G^A)), u i(A)) = Bi and so B = B\. We must note that, 
since i(A) < Bi, then from the proof of [7] Prop. 2.4.4], we get uua) = u Bl - □ 

In Theorem 14.131 we used an orthocompletion of a representable Ggroup to construct an orthocom¬ 
pletion of a representable pseudo MV-algebra. In the next theorem, we will show that if (A- ©,“ ,~ , 0,1) 
is an orthocomplete representable pseudo MV-algebra such that it a is a strong unit of the Ggroup Ga, 
then Ga is also an orthocomplete Ggroup. 
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Theorem 4.14. Let (A; ©, , 0,1) be an orthocomplete representable pseudo MV-algebra such that ua 

is a strong unit of the representable l-group 0 (Ga)■ Then Ga is an orthocomplete l-group. 

Proof. By Theorem 12.21 we know that A = TH(A) = P(Ga,wa)- Also, T(Ga,wa) is a pseudo MV- 
subalgebra of P(0 (Ga),wa)- Set B = F(0(Ga), ua)- Then there is a one-to-one homomorphism of 
pseudo MF-algebras / : A —»• B. Since A and B are orthocomplete and f(A ) < B, then by Theorem 
14.131 /(A) = B and so A = B. Hence by Theorem l2.2l S(/) : E(A) —> ’B(B) is an isomorphism. It follows 
that (Ga,u a ) = B{T{G a ,u a )) = S (A) = E(B) = E(T(0(G A ),u A )) = ( 0(G A ),u A ) (note that, since u A 
is a strong unit of O(Ga), then S(F(0 (Ga), «a)) — (0(Ga),wa))- Therefore, Ga is orthocomplete. □ 

In Corollary 14. 161 we try to find a representable pseudo MH-algebra (A; ©,“ ,~ , 0,1) such that ua is 
a strong unit for 0{Ga )■ 

A pseudo MV -algebra (A;©, - ,~ ,0,1) is called finite representable if there exists a subdirect em¬ 
bedding a from A into a finite direct product of pseudo MH-chains. It is easy to see that A is finite 
representable if there is a finite subset S of prime and normal ideals of A such that p| S = {0}. Similarly, 
we can define a finite representable Agroup. 

Remark 4.15. Let (G; +, 0) be a finite representable Agroup with strong unit u. Then there is a subset 
{Pi,..., P„} of prime Aideals of G such that f)" =1 P = {0}- Clearly, the natural map ip : G —> \Yi=i G/Pi 
sending g to ip(g) = {g/Pi, ■ ■ ■ ,g/P n ) is a subdirect embedding of Agroups. We claim that u is a strong 
unit of O(G), where O(G) is an orthocompletion of G. Put x £ 0(G). Then by [TJ Thm. 8.1.3], x = 
[(xi/Pi, ■ ■ .,x n /P n )\ for so me (z i/Pl, • ■ • ,x n /P n ) € L. Since (tt/Pi,.. .,u/P n ), {xi/Pi, ■ ■ .,x„/P n ) £ L 
(see the notations in Remark l4.12l) . there are {/ a , P a }«eA and {gp, Gp}p e s that underline ( u/P \,..., u/P n ) 
and (xi/Pi,... ,x n /P n ), respectively. It follows that 

Va £ A, VA £ F a , f a ( A) = u/P\ V(3 £ B, VA £ Gp, gpW — x\/P\. 

Since it is a strong unit of G, there is m £ N such that Xi < mu for all i £ {1,2, ...,n}. Clearly, 
{to/a, P\} underlines (mu/ Pi,... ,mu/P n ) and for all a £ A and (3 £ B and A £ F a D Gp, we have 
gp( A) = X\/P\ < mu/P\ = mf a ( A), which implies that (tt/Pi,... ,u/P n ) is a strong unit of 0(G). 

Corollary 4.16. Let (M; ©, _ ,~ , 0,1) be a finite representable pseudo MV-algebra. Then um is a strong 
unit ofB(M) = ( Gm,um ) and it is an orthocomplete representable £-group. 

Proof. Since M is a finite representable pseudo MH-algebra, by Theorem 12.31 it is clear that Ga is a 
finite representable Agroup, hence by Remark f4.151 ( 0(Ga ), ua) is a unital Agroup. So by Theorem 14. 141 
E(M) = ( Gm,um ) is an orthocomplete Agroup. Therefore, by [121 Prop. 48.1], it is representable. □ 

Lemma 4.17. Let G be an l-subgroup of an £-group H and u £ G be a strong unit of H. If the pseudo 
MV-algebra T(G,u) is a large pseudo MV-subalgebra ofT(H,u), then G is a large l-subgroup of H. 

Proof. Put 0 < h £ H. Then u A h £ T(H , u). If u A h = 0, then (since u is a strong unit) there exists 
n £ N such that h < nu and so h = h A (nu) < n(h A it) = 0 which is a contradiction and so h A u / 0. 
By the assumption, there are to £ N and x £ T(G, it) — {0} such that x < m.h < mh. Therefore, G is a 
large Asubgroup of H (equivalently, H is an essential extension for G). □ 

Theorem 4.18. If a pseudo MV-algebra (M; ©, _ ,~ , 0,1) is an essential extension for a pseudo MV - 
algebra A, then the unital l-group ( Gm,um) is an essential extension for the l-group (Ga,ua)- 

Proof. Let M be an essential extension for the pseudo MH-algebra A. By Theorem 12.21 we have A = 
P(Ga,ua) and M = T(Gm,um) and the following diagram are commutative. 


r(5(/)) 


A 

/ 

r(s(A)) 
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M 

/ 

P(S(M)) 














It follows that T(Gm,um) = r(s(M)) is an essential extension for T(Ga,ua) = F(^,(A)) and hence by 
Lemma 14.171 Gm is an essential extension for the G-group Ga- □ 


Remark 4.19. Let a representable G-group (H;+, 0) be an essential extension for an G-group G, then 
also G is representable because representable G-groups form a variety, [10J p. 304], and let 33(G) and 
33(H) be the set of maximal disjoint subsets of p(G ) and p(H), respectively. By |T[ Thm 8.1.1], these 
lattices are isomorphic, under the maps $ : p(H) —> p(G) and T : p(G) —> p(H ), define by $(/) = I n G 
and 'L(J) = (H 1 - 0 )- 1 -" for all I £ y(H) and J £ p(G). It can be easily seen that <I> and d' can be extend 
to isomorphisms between 33(G) and 33(H). In fact, 33(G) = { < b(5') | S £ 33(H)}. Put S £ 33(H). For 
each I £ S, define p, : G/(7 fl G) ic ->■ H/I ±H , by p, (x + (7 n G) ±G ) = x + I ±H . 

(1) If x, y G G such that i + (fnG) ic = y + (I C\ G) ±a , then x — y G (/nG) i<3 , so 

7 = 4' o $(7) = (7n Gj-Lc-J-n c (a; — y) -1- ^ =>■ x — y G (x — y) -1 " -1 " C J- 1 -". 

It follows that x + I ±H = y + I ±H . 

(2) Clearly, p : is an G-group homomorphism. Moreover, Pj(x + (7 fl G) ±a ) = 0 + I ±H implies that 

x £ I^ 11 ^ I Cx ±H InG Cx ±H nG = x ±G ^ x £ (In G) ±a 


so Pj is a one-to-one G-group homomorphism. 

Define p s : Tl/es G /( J n G ) ±G ^ UieS H / I±H > b y Vs{( x i + ( 7 n G ) ±G )ies) = ( x i + I±H )ies- From 
(1) and (2), we get that p s is a one-to-one G-group homomorphism. For each S £ 33(H), set Gs = 
Tl/gs G/(InG) ±G and Hg = Y\ IeS H/I ±H . Now, let S,T £ 33(H) such that S <T (that is, each I £ S, 
is contained in some J £ T). Then the natural map ttt,s '■ Gt —> Gs is an G-group homomorphism and by 
US Thm. 2.6], 0(G ) (O(H)) is a direct limit of the family {G s ,n(f s }s<TGV(H) ({H s , ^ s }s<Tev(H)), 
0(G) (0(H)) is the orthocompletion of G (H), and p s : {G s ,n^ s } s < T&v{H) — {H s , ^ s }s<tgs(h) 
is a morphism between these directed systems. Similarly to the first step of the proof of [S] Thm. 3.5], 
there is a one-to-one G-group homomorphism p induced by {p s }seV{H) such that the following diagram 
is commutative: 

G —> H 

la 1/3 (4-2) 

O(G) ■ M - > O(H) 

where a and /3 are the natural one-to-one G-group homomorphisms introduced in [ 8 ] Thm. 3.5]. Moreover, 
0(G ) and 0(H) are orthocompletions of Im(a) and Jm(/3), respectively. 

In the next theorem, we use an orthocompletion for a representable pseudo MP-algebra to show that, 
for each representable pseudo AfP-algebra M, a minimal strongly projectable essential extension for M 
exists. 


Theorem 4.20. Let (M; ©,“ ,~ , 0,1) be a minimal strongly projectable essential extension for a repre¬ 
sentable pseudo MV -algebra A and B be an orthocompletion for the pseudo MV -algebra A. If D is the 
intersection of all projectable pseudo MV -subalgebras of B containing A, then M = D. 

Proof. Let i : A —>• M be the inclusion map. Then by Theorem 12.21 E(i) : (Ga,ua) —> (Gm,um) is an 
injective homomorphism of unital G-groups. Since A = T(Ga, ua) and M = T(Gm,«m), then T(Gm,um) 
is an essential extension for the pseudo MV- algebra T(Ga, ua) and so by Lemma f4.171 Gm is an essential 
extension for Ga- By Remark l4.19l we have the following commutative diagram: 






Ga 
| a 

0(G a ) 
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Gm 

|/3 

0(G m ) 


(4.3) 












Now, we apply the functor T and we get the commutative diagram 


T(G A ,u A ) - rm)) ■ - > T(G m ,u m ) 
i T(a) i r(/3) (4.4) 

T(0(G a ),u a ) ■ r(/j) - > T(0(G m ),u m ) 

Hence, Theorem l2.2l implies that there are one-to-one pseudo MH-homomorphisms / : A —> T(0(G A ), u A ) 
and g : M —>• T(0(H a ),um) such that the following diagram commutes. 

A — M 

if id (4.5) 

T(0(G a ),u a ) ■ r(M) - > T(0(G m ),u m ) 

By Theorem 14.131 T(0{G A ),u A ) and T(0(H a ),um ) are orthocompletions of A and M, respectively. 
Since fi, a and /3 are one-to-one, by Theorem 12.21 T(a) and T(/3) are one-to-one. Since M 

and T( 0(G A ), u A ) are strongly projectable pseudo MV-algebras and g and T(/lj) are one-to-one ho- 
momorphisms, then Mi := T(h)(T(0{G a ),u a )) and M 2 := g{M) are strongly projectable pseudo MV- 
subalgebra of T(0(Gm),um)- It follows that T(/it) o f(A) C Mi n M 2 C T(0(Gm ), %)■ Since M 2 is an 
essential extension for T(/x) o f(A) and T(0(Gm),um ) is an essential extension for M 2l it can be easily 
shown that T(0(Gm),um) is an essential extension for (T(/x) o f)(A ), so by Remark [4.101 Mi (~l M 2 is a 
strongly projectable subalgebra of T(0(Gm),um ) containing (T(/x) o f)(A). Hence, by the assumption, 
AIi n M 2 = M 2 (since M 2 is a minimal strongly projectable essential extension for (T(/z) o f)(A )) so, 
M 2 C Mi. It follows that M = M 2 = ( T(g,))~ 1 (M 2 ) < T(0(G A ),u A ) is a strongly projectable pseudo 
MF-subalgebra of T(0(G J 4), u A ) and so (T(^)) _1 (M 2 ) = D (since M is a minimal strongly projectable 
essential extension for A). Therefore, D = M 2 = M. □ 


5 Conclusion 

In the paper we have studied summand-ideals of a pseudo MR-algebra M. We have showed that every 
such an ideal is principal corresponding to a unique Boolean element of M. This enables us to define 
projectable and strongly projectable pseudo MR-algebras in a similar way as it was done for ^-groups. 
Every projectable pseudo MR-algebra is representable, i.e., it is a subdirect product of linearly ordered 
pseudo MH-algebras. The main results concern orthocomplete representable pseudo MR-algebras and 
their orthocompletion, Theorem 14.131 In Theorem l4.201 it was shown that, for each representable pseudo 
MR-algebra, a minimal strongly projectable essential extension for it does exist. 

Since every MH-algebra is representable, all results concerning orthocompletion are true also for 
MH-algebras. 
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